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The process of heating or cooling of spherical lumps moving in a gas 
counterflow is analyzed for cases when the strength of the heat sources 
(sinks) is a linear function of the material temperature. By making a 
simple substitution, the formulas obtained can be used to calculate the 
heating of lump materials in a parallel gas flow. 

The intensi ty  of the heat r e l e a se  or heat absorpt ion 
that genera l ly  takes place in shaft furnace  charges  is  
re la ted  to the r a t e s  of the physical  and chemical  
p rocesses  and the energ ies  of the la t ter .  

In t hep re sence  of un i formly  dis t r ibuted heat  sources  
or  sinks the problem of finding the t empera tu re  field 
in a spher ica l  par t ic le  and over the thickness  of the 
bed is  cons iderably  complicated.  The problem was in -  
vest igated in [1, 2], but the use  of these r e su i t s  to an-  
alyze the operat ion and design of indus t r ia l  equipment 
is not recommended,  s ince  the solut ion is p resen ted  
in a v e r y  genera l  form inconvenient  for  numer i ca l  ca l -  
culat ions.  It should also be pointed out that in a number  
of p rac t ica l  cases  of shaft furnace  operation,  the form 
of the express ions  obtained does not pe rmi t  the use  of 
the r e su l t s  of calculat ions of the cor responding  coeffi-  
c ients  obtained for the problem of heating and cooling 
of spher ica i  pa r t i c les  in a counterflow without heat 
sources  [3,4]. 

The e l iminat ion of these shor tcomings  essen t ia l ly  
involves a new solution of the problem and its analys is .  
It is to this task that the p resen t  a r t i c le  is devoted. We 
note that solution and analys is  of the problem are  
also nece s sa ry  to c rea te  a mathemat ica l  model of the 
technical  p rocesses  in moving-bed equipment. 

We wii1 consider  the s t a t i ona ryp roces s .  In this case 
it is neces sa ry  to find the t empera tu re  field in one of 
the par t i c les  as a function of t ime and also the gas 
t empera tu re  var ia t ion  over the thickness of the bed in 
the p re sence  of a heat source  of s t rength q. In the 
general  case  q depends on the concentra t ion  of reac tan ts ,  
the reac t ion  t ime,  the act ivat ion energy, and other fac-  
to ts .  However, within a ce r ta in  t empera tu re  in terva l  
it is always poss ib le  to express  q as a l inear  function 
of the form 

q = qo + q,(tm-- ~), 

in whieh q0 is the continuous source  and qt is the in tensi ty  
of the source  whose s trength is propor t ional  to the excess  
t empera ture ,  iWhen heat is r e leased  in the t rea ted 
m a t e r i a l  q0 and qtAt a re  posi t ive;  when heat is  absorbed,  
they a re  negative. 

In d imens ion less  fo rm the problem is descr ibed  
mathemat ica l ly  by the heat conduction equation 

OFo Op 2 p Op 

with boundary condi t ions:  at the sur face  of the spher i -  
cal pa r t i c le  

O~ 1 ---- Bi(O--@)Ip=,; (2) 
0p p=i 

at the center  of the pa r t i c le  

~176 0p p 0 = 0; (3) 

f rom the heat ba lance  equation 

0 Fo p=l ; 

and f rom the ini t ia l  condit ions 

at  F o = 0  ~ = 0 a n d 0 = l .  (5) 

The problem is solved by an operat ional  method. 
After  c a r ry ing  out a Laplace t r ans fo rma t ion  with r e -  
spect  to re la t ive  t ime (Fo), it is poss ib le  to obtain an 
equation for the t r a n s f o r m  of the ma te r i a l  t empera tu re .  
This  has the form 

y~= Pc' t- {[Po' - -  (s - -  Po)l x 
(s Po) s 

• (/s--Poch ~ / ~ - -  }_1 
- - s h  1 / s - - P o - - s  sh ~/s ~--"~-P-oo) . (6) 

Using the decay theorem [5] 

f (s + a) -,- exp (--  a Fo) L --1 [f (s)l, (7) 

we obtain the inve r se  t r a n s f o r m  

Pc L ~ + L-~ (Pc'--s) x 

x sh (9 V'~ s 3m g(  ] ( 1 / ' ~ h / ' s ' - -  

- - s h  V s'-)--(s + Pc)sh l f l s ] ] )"  }] exp (Po Fo). (8) 

The express ion  in b races  can be r ep re sen t ed  as a 
ra t io  of general ized polynomials ,  for which the nu-  
m e r a t o r  and denominator  must  be divided by ~s-. 

After equating the denominator  to zero,  we obtain 
a cha rac te r i s t i c  equation for de te rmin ing  the roots ,  
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f rom which it  follows that so = O. There fo re ,  ins tead 
of (8) we can wr i te  

. _  PC'pc t - e x p ( P o F o ) L - ' { ( ( P o ' - - s ) x  

x ~)s g i  /(d~hd~-- 
--sh'e~s)--(sq-Po)shl,'s)"}. (9) 

We mus t  now de t e rmine  and invest igate  the roots  of 
the equation 

+ po 
3m Bi ] (V~-ch V ~ - -  sh V ~  - -  

- - (s  + Po)sh V ~ =  0. (10) 

For  the approximate  ca lcula t ion  of the f i r s t  two 
roots  of the problem,  it  i s  poss ib le  to use  the fo rmula  
obtained by solving the s ame  problem by the Galerk in  
method [6]: 

sL.. = 6--+ Bi + --+ 

--12mPo ~ +  . (11) 

F r o m  this express ion  it  follows that when Po < 0 both 
roots  a re  rea l ,  the f i r s t  root  having a plus sign and 
the second a minus  sign. As Po - -  0, one rea l  root  
vanishes ,  while the second, as  in the preceding  case ,  
r e m a i n s  less  than zero.  In the p re sence  of a posi t ive  
heat sou rce (Po  > 0) there  may be ei ther  two rea l  roots  
or ,  if 

< 12mPo l ~ - ~ - ~ - )  , (12) 

two complex conjugate roots .  The la t te r  condition is  
approximate.  Moreover ,  at ce r ta in  values  of m, Po, 
and Bi, the roots  may be double. Although the ana lys i s  
has been based on Eq. (11), it is  complete ly  appl icable  
to Eq. (10). We note, moreover ,  that al l  thv roots  of 
Eq. (10), s t a r t ing  with the third,  a re  negative and,  
as the number  of the roots  i nc r ea se s ,  their  values  ap- 
proach those cor responding  to t hep rob lemwi thou thea t  
sources (Pd = Po = 0) [4]. 

To find the real negative roots we can write Eq. 
(i0), assuming s = -~2, in the form 

t tg ~ 3m 
, (13) 

~ -  = t g  ,u - -  ~ p / - -  Po 

which has a nondenumerab le  se t  of roots .  
The rea l  posi t ive roots  of the s a m e  equation mus t  

be found f rom the express ion  obtained f rom (10) by 
subs t i tu t ing  ~2 for s :  

v cth v - -  I = vz + Po Pc "o ~ (14) 
3m 

Bi Bi 

F r o m  this equation i t  is  c l ea r  that when Po > 0, there  
may be two posi t ive roots ,  a ne c e s sa r y  condition of 
the exis tence of these roots  being 3m - (Po/Bi)  > 0. 
When Po < 0 the denominator  of (14), 3m - (Po/Bi) - 
- (~2/Bi), will always pass through zero,  which is 
cons is ten t  with the above ana lys i s  us ing (11). 

In de te rmin ing  the rea l  and imaginary  par ts  of the 
complex root* ~ = v + i# Eq. (10) is  separa ted  into 
two equations : 

[K, - -  ~t 2 (Bi - -  l)l th v " v  (K2 + 3~ ~) + 

+ (K~ + ~ ) t g F  thv + ~K4tg~ = 0, (15) 

[K, - -  ,a~ (Bi - -  1)] tg~ - -  (K~ +3bt 2) tg ~ th v - -  

-- I~ (K3 + I~ ~) --.aK4 thv = 0. (16) 

F or  purposes  of numer ica l  calculat ions ,  Eqs. (15) 
and (16) may be conveniently r ewr i t t en  in the form 

and 

pY th v + ~t 4 { [th v (Bi --1) + 3v] (Bi - -  t + 3v th v) + 

+ th';  (K3 + K, thv) + (/(4 + K. thv)} - -  

_ ~2 l[th v (Bi - -  I) + 3~] (K~ - -  K2 v th 6) - -  

- -  (K4 + K8 th v) (K. + K~thv)+ 

+ (K1thv--K~v)(Bi--l--3vthv)} + 

+ (K~thv--K2,;)(K,--K2vth~) = 0 

2tg ~ - -  

v (K2 Bi + 3~ ~) - -  [K, Bi - '  ~2 (Bi - -  1)] th v 

(17) 

where 

~ (K3Bi + ~ ) t h v  + ~K4Bi 

ix (K3 Bi + 1~) + ~K~Bith~ 
KI Bi - -  V2 (Bi - -  I) - -  v (K~ Bi + 3~ ~) th v 

= O, (18)  

/<i =3mBi + Po(Bi--1) + vZ(Bi --1); 

K2 =3mBi - -  Pc --v~; 

K3=3mBi--Po-3v2; K, =2v (1-- Bi). (19) 

It is easy to show that there  a re  no complex roots  
with a la rge  rea l  par t .  In fact,  at la rge  v (u > 4.0) 
th v ~ cth u ~ 1.0, which after  t r ans fo rma t ions  gives 
tg2# = - 1 ,  which, of course ,  is not poss ible .  

The joint  solution of Eqs.  (17) and (18) makes it 
poss ib le  to obtain the values  of v and #. The n u m e r -  
ical  calculat ions  should be ca r r i ed  out in the following 
o r d e r :  f i r s t ,  express ion  (11) is used to de te rmine  the 
rea l  and imag ina ry  par t s  of the complex conjugate root.  

*If the complex conjugate roo ts  of express ion (11) 
a re  denoted by s = 5 :~ ic% then the following relat ions 
will hold among 6, c% ~, ~: 

5 - P c =  p2_ u2; (r= 2~br 
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This  makes  p o s s i b l e  a rough e s t i m a t e  of u and ~ us ing  
the r e l a t i o n s  p r e sen t ed  above.  The co r r e spond ing  tt 
a r e  de t e rmined  f r o m  (17) by ass ign ing  s e v e r a l  va lues  
of v c lose  to the app rox ima te  va lue .  Then,  by subs t i -  
tut ing the found u-~ p a i r s  into Eq. (18), one f inds 
(graphica l ly ,  numer i ca l l y )  those  v and p that  make  the 
lef t  s ide  of the equation vanish .  It should be noted that 
the complex  r o o t s  ca lcu la ted  on the b a s i s  of (11) give 
somewhat  exaggera ted  va lues  of v and g. 

The t r ans i t ion  f rom the t r a n s f o r m  (7) to the i n v e r s e  
t r a n s f o r m  can be accompl i shed  by means  of the ex-  
pansion theo rem.  Since the f inal  f o rm  of the function 
depends on the type of roo t s  of the c h a r a c t e r i s t i c  equa-  
tion, the r e l a t i o n s  p r e s e n t e d  below a r e  c l a s s i f i ed  a c -  
cord ing  to this  p r inc ip l e .  

a. Roots  r e a l ,  negat ive.  This  case  c o r r e s p o n d s  to 
Po > 0 and app rox ima te ly  [3 - 3m - Po(1 /Bi  + 1/6)] 2 > 
> 12m Po(1 /Bi  + 1/6).  Af ter  t r a n s f o r m a t i o n s ,  taking 
s = -/z 2, we f ina l ly  obtain for  the m a t e r i a l  t e m p e r a t u r e  

o 2t o) p ~ + e x p ( P o F o )  1 ~  +1 X 
n=l 

X C. sini~"~P exp( - - l~Fo  ), (20) 
P 

where  

Ca = Bi 2p.,~ cos F, - -  

- -  ~ -  1 2 + ~ -  m - - 1  s i n F .  . 

The gas t e m p e r a t u r e  can be found using (4) and (20): 

0 = 1--3m 
po, + ~ 

n=l N - - ~ .  • 

x C,~ qS. (exp[(Po-- ~] )FoI- -  1}, (21) 

where  

F, cos F , - -  sin F, 

Going over  to the ca se  when the s t reng th  of the  con- 
t inuous source  is  equal  to ze ro  (Po' = 0) does  not p r e -  
sent  any d i f f icu l t ies .  F r o m  the p rev ious  ana lys i s  it  
fol lows that when Po ~ 0 and Po' ~ 0 one of the roo t s  
approaches  ze ro .  This  makes  i t  p o s s i b l e  to subs t i tu te  
s e r i e s  for  the t r i g o n o m e t r i c  functions in (13). F ina l ly ,  
we obtain 

- - P o + s  [ m - -  

Bi 5! 

+ s  3 [ (3m P o )  6 
Lk gi ] 7! 

1_ po3 (1 
2 1 po]+ 

5~ 3! Bi 3! 

4 1 Po ] 
5!Bi  5! 7! ] + 

[( po) 2n 
+ .... + s  '~ 3 m - - ~ -  (2n+l) !  

2n - -2  1 Po ] 
( 2n~  1)! Bi (2n--  1)! (2n~  1)! + . . . .  0. (22) 

In view of the s m a l l  va lues  of s ,  i t  i s  suff ic ient  to 
confine o u r s e l v e s  to the second power  only; this  gives  

s o . ( m  1 1 Po P o )  
10 Bi 6 30Bi 5 !  + 

3 - ~  - -Po  =0. (28) 

The solut ion of this  equation for  s m a l l  Po can be r e p -  
r e s e n t e d  in the fo rm 

s = - - ~ -  ~ -  = - - F ~ ,  (24) 

w h e r e  

d =  
- -  Po 1(1+1)  ( l  1) 

10 3 ~ 1  - - P o  3 - ~ - + ~ (  

m-i-P-~ 3 
m 

lO 
(1 ,) 

3 ~ i  -+  - p o  3~ i -+K,  

(25) 

As/~n -- 0(Po ~ 0) one of the terms of expression (20) 

can be transformed to 

~'o = I( po' + ~ t~) + Po' (Po - -  F 2) Fo - -  

Po' 
- -  0.1666F29~Po ' - -  - -  X 

Po 

X (~t 4 a + ~t 2 b - -  0.5Po)] [~4 a + p3 b - -  0.5Po1-1, (26) 
J 

w h e r e  

10 3 -2 -- 

(1 ) b=Po ~ + 0 . 2 5  - - l . 5 (m- -  1). 

Subst i tut ing roo t  (24) into (26) toge the r  with d and k 
f rom (25), and le t t ing  Po approach  zero ,  g ives  for  the 
p a r t i c l e  t e m p e r a t u r e  

1 3m Bi - -  5Bi - -  10 
0 Po' + 

m --  1 30(m - -  1)2 Bi 

o o'Fo 2 )X Po'p ~ 
i-1- + +1 

q 6 ( m - - l )  m- -1  n~l  t n 

x (Cn)po=0 sin~nP exp(--~2nFO), (27) 
9 

where/~n are the roots of the characteristic equation 

1 tg F.  3m 
(28) 

Bi tg I% - -  P~ ~t.: 
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In the same way it is possible to obtain an e x p r e s s i o n  
fo r  the t e m p e r a t u r e  of the gas  flow 0 at Po = 0. How- 
ever ,  to ca lcu la te  0 at Po ~ r 0 and Po = 0, i t  i s  be t t e r  
to use  Eq. (4). Then 

m Po' Fo 
0 = 1 § - -  3mx 

rn - -1  

n = l  

When P d =  0, e x p r e s s i o n s  (27) and (29) go over  to the 
known solu t ions  [3, 4, 7 - 9 ] .  Moreove r ,  the f i r s t  t h r e e  
roo t s  #n of Eq. (28) a r e  p r e s e n t e d  in [3], together  with 
the coeff ic ients  ~n and (Cn)Po= 0 of t h e f i r s t t h r e e t e r m s  
of the power  s e r i e s  (27) and (29) for  ca lcu la t ing  the  
t e m p e r a t u r e s  at the s u r f a c e  and cen t e r  of the sphe re  
and the m a s s - a v e r a g e d  t e m p e r a t u r e .  In [3], moveover ,  
n u m e r i c a l  va lues  of #n, ~n,  and (Cn)Po= 0 a r e  p r e s e n t e d  
for  14 r a t i o s  of flow spec i f i e  hea ts  m f r o m  0.1 to 10.0 
and 31 va lues  of Bi f r o m  0.02 to infinity.  

b. F i r s t  two roo t s  pos i t ive ,  d i f ferent .  T h e s e  c a s e s  
o c c u r  when Po > 0 and app rox ima te ly  Po(1 /Bi  + 1/6) > 
> 3(1 - m). F o r  the ind ica ted  c a s e s  s = u z. Then 

x exp ( - -  I~] Fo)] exp (Po Fo); (30) 

t 2 PO -- v n 
0 = 1--3m P-oT~ x 

x c ,  qsv {exp [(Po + v~ ) Fo] -- 1} + 

'r Po' + td 

n ~ 3  

C ~ n  {exp [(Po - -  ~2 n ) Fo] - -  I} J , (31) 

where  Un a r e  the roo t s  of the c h a r a c t e r i s t i c  equation 
(14) and Pn, those  of (13), 

+ ~ -  1 2 + ~ -  rn--1 shy, ; 

2 Va 

When Po < 0 only the f i r s t  roo t  can be pos i t ive .  
T h e r e f o r e ,  in e x p r e s s i o n s  (30) and (31) the re  wil l  be 
only one t e r m  with a pos i t ive  roo t ,  and the inf ini te  
sum mus t  be taken f rom 2 to ~o. 

As Po tends to zero ,  the roo t  that  is  s m a l l e r  in ab-  
so lu te  magni tude  will  a l so  app roach  ze ro ,  while  the 
o ther  roo t  r e m a i n s  pos i t ive .  In this  e a se  the p a s s a g e  
to the l i m i t  is  the s a m e  as  above.  In p a r t i c u l a r ,  for  
Po = 0 and m > 1.0 the m a t e r i a l  t e m p e r a t u r e  i s  de -  
s c r i b e d  by the equation 

I 3m Bi - -  5Bi - -  I0 
Po' + 

m 1 3 0 ( m - - l ) 2 B i  

Po' ) Po'p2 mPo 'Fo  + - - - 1  x 
+ 6 (m--l)  § m--1  v 2 

_ _  ~ { PO' + 1 1 •  • ~ shvp exp(v2Zo ) + Z ~ - - ~  
r t=2 

] 

s i n  l~np x (Cn)po=0 exp ( - -  ~.2 n Fo), 
P 

(32) 

and the gas t e m p e r a t u r e  by the equation 

rn Po' Fo 
0 =  1 +  - -  - - 3 m X  

m - - 1  

•  --1 (C~)po=0~[exp(~2Fo) - -  11 - -  

_ _ 2  { Po' §  (Cn)po oqbniexp(__~2Fo)__l]} " (33) 

Values  of u, /~n, (Cv)po=0, (Cn)Po=0, ~u, ~n, r e -  
qu i red  to ca l cu la t e  the t e m p e r a t u r e  f i e lds  f rom Eqs. 
(32) and (33) a r e  p r e sen t ed  in [3]. 

c. Roots  complex.  Roots of the type  g'S-= u • i~ ap-  
p e a r  when Po > 0 and inequal i ty  (12) holds .  The t e m -  
p e r a t u r e  of the heated p a r t i c l e s  is  found f rom the 
e xp re s s ion  

Po' 2exp(AFo) (UM + DN 
• 

= - -  P o  + M 2 + N ~ 9 

• cos 2 p x F o D M - - _ _ p  UN sin 21~v Fo) § 

~o [ Po' ) s in  I*.0 
" - Z  I ~ +1 C . - - p  exp[(Po--~])Fo].  (34) 

n ~ 3  

The quanti ty 0 mus t  be de t e rmine d  f r o m  Eq. (4). 
Thus ,  

Here ,  

0 = 1 + 6mA (QM + EN) + 2p~v (EM-- QN) x 
(M ~ + N ~) (A ' +4~% ~) 

• {exp (A Fo) Icos 2fxv F o - -  

A ( E M  - -  QN) --2pv (QM + EN) sin 21~v Fo 1 
A (QM + EN) -}- 2t~v (EM -- QN) i-- 

} S P ~  • - -  1 - -  3m P o - -  F~ 
n ~ 3  

• C.~ n { exp [(Po - -  F2n) Fo] - -  1 }. (35) 

A = Po + v2 __ ~t2; M = (v 2 - -  Ix ~) MI - -  2~tvNt; 

N = (v 2 - -  p3) Nx + 21~v M1; 

' I  M1= ~ ( I - - B i - - 0 . 5 A +  1.5mBi)shvcos~t+ 

+ ~ w c h v s i n l , - -  1+ ~ q - b  t~ ~-0.5Bi v c h v x  
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x c ~  1 -  0"5p~ ) ] u 2 + P  2 +0.5Bi ~shv.sin~ ; 

1 I- 
Nx : B-~- [( 1-- Bi --0.5A -+- 

+ 1,5m Bi) ch v sin y, - -  ~v shv cos [~ - -  

- - (  0"5P~ +0 .5Bi )  u s h u s i n ~ - - l +  u~- r~  2 

( 0.SPoBi ) 1 - -  1 u 2 + t  a2 +0.5Bi  ~chvcosp. ; 

U = [Po' - -  (v ~ --tP)I sh up cos i~p -}- 2~v ch up sin lap; 

D = [Po' - -  (v 2 - -  la2)] ch up sin ~p + 2~tv sh up cos ~tp; 

Q = [Po' - -  (u 2 - -  1~2)1 Q1 + 21~v El; 

E = [Po' - -  (u ~ -  I~2)1 E~ - -  21~u Q1; 

Q t = v s h v s i n ~  + [~ chu cosl~-- ch usin ~; 

E~=u ch v cos t~ - -  ~ shv sin ~ - -  sh u cos 1~. 

The  coef f i c ien t s  v and t~ a r e  roo t s  of Eqs .  (15) and 
(16). The  e x i s t e n c e  of complex  roo t s  and the  f o r m  of 
Eqs .  (34) and (35) i nd i ca t e  the  wave  c h a r a c t e r  of the 
t e m p e r a t u r e  v a r i a t i o n s  of the p a r t i c l e s  and the gas  
ove r  the t h i c k n e s s  of the bed.  

d. t toot  double .  A n a l y s i s  shows that  the double  roo t  
m a y  be both  pos i t i ve  and nega t ive .  In th i s  c a s e  in  o r d e r  
to d e t e r m i n e  the i n v e r s e  t r a n s f o r m  it i s  conven ien t  to 
u se  the  expans ion  t h e o r e m  [5] in  the f o r m  

[2(Fo) = lim d qb (s) (s - -  sm)2 exp(sFo). (36) 

If s m = v 2 the t e m p e r a t u r e  f ie ld  of the p a r t i c l e  is  
d e s c r i b e d  by the fol lowing equa t ion :  

Po' 2 ( P o ' - - u  ~) { pc thv  9 

Po q~" (u) \ 2u 

__ ~"' ( u )  1 ) sh up I 
3~" (u) Po' - -  v 2 + Fo P • 

__~(P~ ) • exp [(Po + v 2) Fol + E ~ - ~ 2  -}- 1 • 

x C. sin ~.9 exp [(Po--  Ia 2) Fol, 
P 

(37) 

and the  t e m p e r a t u r e  of the  gas flow by the  equa t ion  

0 = 1 -t- 3m 2 (Po' - -  v e) u e r • 
, "  (u) (Po + u ~-) 

1 ) r [  sh~ * " ' ( v )  1 = - ~  x 

x {exp [(Po + v ~) Fol --1} - -  Fo exp [(Po + w2) Fo]] - -  

~ ]  P~ + ~2 
- - 3 m  po __ ~t2 n C.qS. (exp [(Po - -  ix2,) Fo] - -  1). 

t ~ 3  

(38) 

In these  e x p r e s s i o n s  

1 
~" (v) = ~ I 1 - -  Bi --0.5Po --0.25Po Bi -}- 

B 1  

+ 1.5m Bi - -  v2(1,5 + 0.25Bi)] shv -t- 

+ 1 Iv (0.75m Bi --0.5--1.25Bi--.0.25Po) - -  
Bi L 

- -  0,25 Po Bi --0.25v 3 ] ch v; 
V J 

1 [0.5(0.75mBi--0.5--1.25Bi:--  ,"' (~) = ~ (  

i 

--0.25Po) - -  0,125 PoBi __ 0.125v 2 - 1 . 5 -  
U 2 

] 

~-1 [0.5 (0.75m Bi --0,25Po Bi + - -  0.25Bi] sh vl+ 

+ i0.5--2.25Bi - -  1.5Po) 1 --0.125 Po B___~i _ 
U U 3 

- -0 .125vBi- -  1.125v + 0.75 mBi ] chv. 
U 3 

If Sm = _~2, then in  Eqs .  (37) and (38) i t  i s  n e c e s -  
s a r y  to s u b s t i t u t e  itt for  v and go over  f r o m  hype rbo l i c  
to t r i g o n o m e t r i c  func t ions ,  in  a c e o r d a n e e  with the 
u s u a l  r u l e s .  

The  app l i ca t ion  of the  equa t ions  ob ta ined  is  i l l u s -  
t r a t e d  by  the  r e s u l t s  of c a l c u l a t i o n s  of the t e m p e r a t u r e  
d i s t r i b u t i o n  over  the t h i c k n e s s  of the bed fo r  the fo l -  
lowing  cond i t ions  : m = 0.8; Bi  = 2.0; and P d =  Po = 
= 0.15. 

In th is  c a s e  ea l eu l a t i on  of i nequa l i t y  (12) po in t s  to 
the  e x i s t e n c e  of complex  eon juga te  roo t s ,  whose  va lue ,  
in a c c o r d a n c e  with (11), is  a p p r o x i m a t e l y  equal  to 
Yap p = 0.3851 and/~app = 0.8205. A m o r e  a c c u r a t e  
d e t e r m i n a t i o n  of v and/~ f r o m  the t r a n s c e n d e n t a l  equa -  
t ions  (15) and (16) f i na l ly  g ives  v = 0.38480 and # = 
= 0.8068. The  s u b s e q u e n t  roo t s  are/~3 = 7.9619 and 
#4 = 11.0785. 

The v a r i a t i o n  of the gas  t e m p e r a t u r e  and the t e m p e r a -  
t u r e s  at the s u r f a c e  and c e n t e r  of the p a r t i c l e  a r e  shown 
in  the f igure .  As fol lows f r o m  the f igure ,  the p r o c e s s  
can  be  d iv ided  into two pe r i ods  : hea t ing  and cool ing.  
Eaeh  has  i t s  own spec i f i c  t e m p e r a t u r e  d i s t r i b u t i o n  ove r  
the c r o s s  sec t ion  of the  p a r t i c l e ,  c r e a t e d  by  the ac t ion  
of the heat  s o u r c e s .  In the f i r s t  pe r iod  the cha rge  is  
r a p i d l y  hea ted  and toward  the end of th is  pe r iod  heat  
t r a n s f e r  be tween  the  cha rge  and the  gas s lows down. 
At t i m e  Fo = 1.109, which  is  found f r o m  the jo in t  so lu -  
t ion  of Eqs .  (25) and (24) for  p = 1.0, the t e m p e r a t u r e  
of the gas  and the  s u r f a c e  t e m p e r a t u r e  of the  p a r t i c l e  
a r e  equal .  Somewhat  l a t e r  (Fo = 1.322) the t e m p e r a -  
t u r e s  at the c e n t e r  and at the s u r f a c e  of the p a r t i c l e  
b e c o m e  the s a m e .  T h i s  m o m e n t  is  e s t ab l i shed  by so lv -  
ing  the equa t ions  ob ta ined  f r o m  (34) wi th  p = 0 and p = 
= 1.0. D u r i n g  th is  t i m e  the t e m p e r a t u r e  f ie ld  of the  
p a r t i e l e  u n d e r g o e s  a d e f o r m a t i o n  that  ends  AFo  ~ 1.0 
f r o m  the m o m e n t  of t e m p e r a t u r e  equa l i za t ion .  

The  c a s e  in  ques t i on  is  e h a r a c t e r i z e d  by damp ing  
of the  t e m p e r a t u r e  o s c i l l a t i o n s ,  s ince  the exponent  of 
the  exponen t ia l  func t ion  Po + v2 _ tt2 is  nega t ive .  In 
the  p r e s e n c e  of h i g h - s t r e n g t h  hea t  s o u r c e s  con t inuous  
o s c i l l a t i o n s  m a y  appea r .  The n a t u r e  of the t e m p e r a t u r e  
f ie ld  in  the bed ( f igure)  Ind ica te s  that  t e m p e r a t u r e s  
h i g h e r  than  those  on the in le t  and out le t  s e c t i o n s  m a y  
develop  in  the a p p a r a t u s .  
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T e m p e r a t u r e  var ia t ion  over the thickness 
of the bed:  1 )gas ;  2 ) su r f ace ;  3) center  

of the par t ic le .  

The equations desc r ib ing  the d i s t r ibu t ion  of par t ic le  
and gas t e m p e r a t u r e s  over the thickness of the bed will 
also be valid for calculat ing the heating of spher ica l  
pa r t i c l e s  in a pa ra l l e l  flow, ff the ra t io  m of flow 
specific heats (water equivalents)  is replaced by minus 
m .  

NOTATION 

t is the temperature; p is the relative coordinate; 

R is the particle radius; ~ is the heat-transfer coef- 
ficient; k is the thermal conductivity; a is the thermal 

diffusivity; T is the timefrom the moment thepartieles 

are loaded into the bed; H is the thickness of the bed; 
w is the veloci ty of the pa r t i c l e s  in the bed; ~ = (t m - 

i r n - t~n)/(t ~ - tm); ~ = (tg - tm) / ( tg  - t m) a re  the t em-  
pe ra tu r e  c r i t e r i a  for  the ma te r i a l  and the gas flows; 
Bi = c~R/X m is t heB io tnumber ;  Fo = a ~ / R  2 = aH/wm Rz 
is the F o u r i e r  number ;  Po '  = -q0RZ/km (t~ - ~n); Po = 
= qtR2/km is the P o m e r a n t s e v  number;  q0 is the s t rength 
of the continuous source ;  qt is the source  whose 
s t rength  is propor t ional  to the excess  t empera tu re .  
The subscr ip t s  m and g indicate that the quanti ty in 
quest ion re la tes  to the ma te r i a l  or the gas;  s ingle  and 
double p r i m e s  denote p a r a m e t e r s  cha rac te r i z ing  the 
s ta te  of the medium on the inlet  and outlet s ides ,  r e -  
spect ively.  
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